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Abstract 

We shall generalize the notion of groupoid morphism given by Za- 
krzewski ( |19| . |20p to the setting of locally compact cr-compact Hausdorff 
groupoids endowed with Haar systems. To each groupoid F endowed with 
a Haar system A we shall associate a C*-algebra C* (F, A), and we con- 
struct a covariant functor (r, A) — + C* (r, A) from the category of locally 
compact, cr-compact, Hausdorff groupoids endowed with Haar systems to 
the category of C*-algebras (in the sense of |18|). If V is second countable 
and measurewise amenable, then C* (F, A) coincides with the full and the 
reduced C*-algebras associated to F and A. 
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1 Introduction 

The purpose of this paper is extend the notion of morphism of groupoids intro- 
duced in |20I to locally compact cr-compact groupoids endowed with Haar 
systems and to use the extension to construct a covariant functor from this 
category to the category of C*-algebras. 

If r and G are two locally compact, cr-compact, Hausdorff groupoids and 
if A = {A",u G r(°H (respectively, v = \v l ,t g G^}) is a Haar system on T 
(respectively, on G), then by a morphism from (r, A) to (G,v) we shall mean 
a left action of T on G, which commutes with multiplication on G, and which 
satisfies a " compatibility" condition with respect to the Haar systems on T and 
G. This notion of morphism reduces to a group homomorphism if T and G are 
groups, and to a map in the reverse direction if T and G are sets. 

To each groupoid T endowed with a Haar system A we shall associate a 
G*-algebra G* (T, A) in the following way. We shall consider the space G c (r) 
of complex- valuated continuous functions with compact support on T, which 
is a topological *-algcbra under the usual convolution and involution. To each 
morphism h from (r, A) to a groupoid (G, v) and each unit t 6 G^ we shall 
associate a ^-representation -Kh,t of G c (T). For any morphism h from (T, A) to 
a groupoid (G, v) we shall define 

||/IU = sup||7r M (/)|| 



for all / G C c (r). The C*-algebra C* (r, A) will be defined to be the completion 
of C c (r, A) in the norm ||-|| = supt \\-\\ h , where h runs over all morphism defined 
on (r, A). We shall show the following inequalities 

H/IU < 11/11 < ||/|| /uH 

for all / G C c (r, A), where ||-|| red and ||-||j uH are the usual reduced and full 
C*-norms on C c (T, A). Therefore, according to prop. 6.1.8/p.l46 PP, if (T, A) 
is measurewise, amenable then C* (T, A) = Cj ull (T, A) = C* ed (T, A), where 
C/uii (r, A) (respectively, C* ed (T, A)) is the full (respectively, the reduced) C*- 
algebra associated to V and A. If the principal associated groupoid of T is a 
proper groupoid (but T is not necessarily measurewise amenable), then for any 
quasi invariant measure fj, on and any / G C c (T, A) we shall prove that 

||I^(/)||< 11/11, 

where II ^ is the trivial representation on fi of C c (T, A). 

Now we are going to establish notation. Relevant definitions can be found 
in several places (e.g. [7]). For a groupoid T the set of composable pairs 

will be denoted by and the multiplication map by 3 (x,y) n 6 T; 
the inverse map by T 3 x i— » a; -1 G T. The set of umis by I^ ) and the domain 
and range maps by d : T 9 x i— > d(ir) := x _1 x G T^ ', and r : T 9 a; i— » d(a;) := 
xx~ x G r^°) respectively. 

The fibres of the range and the source maps are denoted T u = r _1 ({u}) and 
r„ = d ({w}), respectively. More generally, given the subsets A, B c r<°), we 
define T A = r^ 1 (A), r B = d" 1 (B) and = r" 1 (A) nd" 1 (5) . The reduction 
of r to a c r(°) is T\a = r^. The relation u ~ u iff T" ^ is an equivalence 
relation on T^ ). Its equivalence classes are called orbits, the orbit of a unit u 
is denoted [u] and the quotient space for this equivalence relation is called the 
orbit space of G and denoted G<°> /G. A groupoid is called transitive iff it has 
a single orbit, or equivalently, if the map 

6 : r -f {(r (ar) , d (s)) , a: G T} , 6 (x) = (r (x) , d (x)) 

is surjective. A groupoid T is called principal, if the above map 9 is injective. 
A subset of G?(°) is said saturated if it contains the orbits of its elements. For 
any subset ^4 of r^ ), we denote by [A] the union of the orbits [u] for all u G A. 

A topological groupoid consists of a groupoid T and a topology compatible 
with the groupoid structure. This means that: 

(1) x — > ir^ 1 [: r — > r] is continuous. 

(2) [x, y) [: r^ 2 ^ — > r] is continuous where T^ 2 ) has the induced topology 
from T x r. 

We are exclusively concerned with topological groupoids which are locally 
compact Hausdorff. 

In the following we will use abbreviation fcii-groupoids. 

If T is Hausdorff, then is closed in T, and closed in r x T. It was 
shown in ^U] that measured groupoids (in the sense of def. 2. 3. /p. 6 0] ) may 
be assume to have locally compact topologies, with no loss of generality. 
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A subset A of a locally compact groupoid T is called r- (relatively) compact iff 
ACir^ 1 (K) is (relatively) compact for each compact subset K of T^ ' . Similarly, 
one may define d- (relatively) compact subsets of T. A subset of T which is r- 
(relatively) compact and d- (relatively) compact is said conditionally- (relatively) 
compact. If the unit space 1^°) is paracompact, then there exists a fundamental 
system of conditionally- (relatively) compact neighborhoods of (see the proof 
of prop. II.1.9/p.56 [El). 

If X is a locally compact space, C c (X) denotes the space of complex- valuatcd 
continuous functions with compact support. The Borel sets of a topological 
space are taken to be the cr-algebra generated by open sets. 

If T is a locally compact groupoid, then for each u E I^ ), r" = r|{ u } is a 
locally compact group. We denote by 

T' = {xGT:r(x)=d(x)} = \J T" 

uer(°) 

the isotropy group bundle of T. It is closed in T. 

Recall that a (continuous) Haar system on a lcH-groupoid T is a family of 
positive Radon measures on T, A = { A", u G I^ ' } , such that 

1. For all u E T®, supp{\ u ) = T u . 

2. For all / E C c (T), 

r f(x)d\ u (x) [:rW 



is continuous 
3. For all f E C c (T) and all x E T, 



f(y)dX r ^(y) = / f(xy)dX d ^(y) 



Unlike the case of locally compact group, Haar system on groupoid need not 
exists, and if it does, it will not usually be unique. The continuity assumption 2) 
has topological consequences for T. It entails that the range map r : T — ► T^°\ 
and hence the domain map d : T — > is open (prop. 1.4 |17|). Therefore, 
in this paper we shall always assume that r : T r( ) is an open map. For 
each X u , we denote by X u the image of A" by the inverse map x — > x^ 1 (i.e. 
J / (y) dX u (y)=Jf (y- 1 ) dX u (y), f E C c (T)) . 

If ll is a Radon measure on r(°), then the measure A M = J X u dfj, (u), defined 

' / (y) dX» (y) = [ ( [ f (y) dX u (y)) d^ («) , / e C c (r) 



is called the measure on V induced by /i. The image of A M by the inverse map 
x — > x^ 1 is denoted (A'') . /j is said quasi-invariant if its induced measure A M 
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is equivalent to its inverse (A M )~\ A measure belonging to the class of a quasi- 
invariant measure is also quasi- invariant. We say that the class is invariant. 

If fi is a quasi-invariant measure on I^ ) and A M is the measure induced on G, 
then the Radon- Nikodym derivative A = ~[(fjk=i is called the modular function 

of p. According to cor. 3.14/p.l9 0], there is a /i-conull Borel subset Uq of T^ ' 
such that the restriction of A to T\u is a homomorphism. 

A family of positive Borel measures on r, A = { A", u G r(°) } is called a Borel 
Haar system if in the definition of the (continuous) Haar system we replace the 
condition 2 by 

2' For all / > Borel on T, the map 

/ (aj) d\ u (x) : r<°> -» R 

is Borel, and there is a nonnegative Borel function F on T such that 
F (x) dX u (x) = 1 for all u. 



For a C*-algebra A let B (A) be the algebra of bounded linear map acting on 
A. We say that a £ B (A) is adjointable iff there is an element b £ B (A) such 
that y* (a(x)) — (b(y))* x for all x,y 6 A. The set of adjointable a £ B(A) 
is the multiplier algebra of A, and will be denoted by M (A). A morphism 
from a C*-algebra A to a G*-algebra B, is a *-homomorphism <fi : A — > M (-B) 
such that the set cj> (A) B is dense in B. Such morphism extends uniquely to 
a *-homomorphism </> from M (A) to M (B) by </> (m) (0 (a) b) — cf> (m (a)) 6 for 
m G M (A), a £ A and b £ B. If 0i is a morphism from A to B, and </>2 is a 
morphism from B to C, the composition is defined by 4>2<t>i ■ A —> M (C). C* 
algebras with above defined morphisms form a C*-category (see 



2 The category of locally compact groupoids en- 
dowed with Haar systems 

2.1 Definition of morphism 

Let r and G be two u-compact, /cff -groupoids. Let A = { A n , u £ } (respec- 
tively, v — {z/*, t G G^ - 1 }) be a Haar system on T (respectively, on G). 

By a morphism from (T, A) to (G, i/) we mean a left action of T on G, 
which commutes with multiplication on G, and which satisfies a "compatibility" 
condition with respect to the Haar systems on T and G. 

Definition 1 Let T be a groupoid and X be a set. We say T acts (to the left) 
on X if there is a map p : X — > ( called a momentum map) and a map 
(7, x) — > 7 • x from 

T* p X = {( 1 ,x):d{ 1 )=p{x)} 
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to X , called (left) action, such that: 

1. p (7 • x) = r (7) for all (7, x) G V * p X. 

2. p (x) ■ x — x for all x G X . 

3. 1/(72,71) € r (2) and (71,1) G T * p X, i/ierc (7271) • x = 72 • (71 • x). 

If T is a topological groupoid and X is a topological space, then we say that 
a left action is continuous if the mappings p and (7, x) — ► 7- X are continuous, 
where T * p X is endowed with the relative product topology coming from rxl. 

The difference with the definition of action in [7] (def. 2.12/p. 32 and 
rem. 2.30/p.45) or in |S] is that we do not assume that the momentum map is 
surjective and open. 

The action is called free if (7, x) G V * p X and 7 ■ x — x implies 7 G r'°) . 

The continuous action is called proper if the map (7, x) — ► (7 • x, x) from 
r * p X to X x X is proper (i.e. the inverse image of each compact subset of 
X x X is a compact subset of T * p X). 

In the same manner, we define a right action of T on X, using a continuous 
map o~ : X — ► I^ -* and a map (a;, 7) — > a; • 7 from 

-X" * a r = {(x, 7) : cr (x) = r (7) } 

to X. 

The simplest example of proper and free action is the case when the groupoid 
r acts upon itself by either right or left translation (multiplication) . 

Definition 2 Let T\,T2 be two groupoids and X be set. Let us assume that Tx 
acts to the left on X with momentum map p : X — > and that T2 acts to 

the right on X with momentum map a : X — > . We say that the action 
commute if 

1. p(x ■ 72) = p (x) for all (x, 72) G X * a T2 and a (71 • x) = a (x) for all 
(71, x) G Ti * p X. 

2. 71 • (a; • 72) = (71 • x) ■ 72 for all (71, x) G r x * p X, (1,72) G X * ff T 2 . 

Definition 3 Le^ T and G be two groupoids. By an algebraic morphism from 
r to G we mean a left action ofT on G which commutes with the multiplication 
on G. 

The morphism is said continuous if the action of V on G is continuous 
(assuming that V and G are topological spaces). 

Let us note that if we have a morphism in the sense of the preceding definition 
and if p : G — > T is the momentum map of the left action, then p = por. Indeed, 
for any x G G, we have p (x) = p (ra -1 ) = p(r (x)) because of the fact that left 
action of T on G commutes with the multiplication on G. 

Therefore an algebraic morphism h : T — > G is given by two maps 
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1. Ph : G(°) -> r(°) 

2. (7, x) — * 7 -/j x from T -kh G to G, where 

r*dG = {(7, x) e T x G : d (7) = Ph (r (as))} 

satisfying the following conditions: 

(1) p/, (r (7 - h x)) = r (7) for all (7, x) G T * h G. 

(2) p/j (r (x)) -h x = x for all ieG. 

(3) (7172) -Ji a; = 71 -ft (72 -h x) for all (71, 72) G and all (72, x) GT-k h G. 

(4) d (7 - h x) = d (x) for all (7, i)er*j, G. 

(5) (7 - h xi)x 2 = 7 -h (xix 2 ) for all (7,^1) G T-k h G and (xi,aj 2 ) G G (2) . 

In the case continuous morphism the map ph is a continuous map. The map 
P h is not necessarily open or surjective. However, the image of ph is always 
a saturated subset of r^ ^. Indeed, let v ~ u = P h (t) and let 7 G T be such 
that r (7) = u and d (7) = w. Then v belongs to the image of ph because 
v = r(7) = /9 h (r (7 •/»*)). 

Remark 4 Lei /i fee an algebraic morphism from T to G ( in the sense of Def. 
[3]). Then h is determined by pt and the restriction of the action to 

{( 7 ,<)erxG(°>:d (7) = /%(*)} . 
Indeed, using the condition 5, one obtains 

7 -ft x = (7 - h r {x))x 

Let us also note that 

(7172) -h x = ((7172) -h r (x))x = 71 - h (72 -h r (x)) x 
= (71 -h r (72 'ft r (x))) (72 'ft r (x)) x. 
Consequently, for any 7 G T and any t G G^ ' with ph (t) = d(j), we have 

(l' 1 'ft r (7 -ft *)) (7 'ft t) = (7^7) -ht = d (7) ^ i = Ph (*) -ft * = t. 
T/ims /or any 7 G T and any t G G^ with py L (t) = d (7), 

(7 -h t)~ = 7 _1 -ft r (7 -ft t) . 

Therefore, algebraically, the notion of morphism in the sense of def. is the 
same with that introduced in ]19f (p. 351). In order to prove the equivalence of 
these definitions, we can use Prop. 2. 7/p. 5\15f. taking f = Ph and g (7, t) = 
7 -h t. 
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Remark 5 Let h : T — >G be a continuous morphism of \cil- groupoids ( in the 
sense of Def. [3]). Then G is left T-space under the action (7, x) — * 7 •/, x, and 
a right G-space under the multiplication on G. G is a correspondence in the 
sense of Def. 2/p. 23A\lb^ if and only if the left action ofT on G is proper and 
Ph is open and infective. G is a regular bibundle in the sense of Def. 6/p.l03 
if and only if the action of T is free and transitive along the fibres of d ( this 
means that for all u S G^ and x satisfying d (x) — x, there is 7 E T such that 
7-/jfi = x). Therefore, the notion of morphism introduced in Def. \Qis not cover 
by the notions used in \lblj and JbTj. 

Lemma 6 Let T and G be two groupoids and let h be an algebraic morphism 
from r to G ( in the sense of Definition^). Then the function 

(7, t) ->• 7 - ho t := r (7 - h t) 

from {(7, t) E r x G*(°) : d( 7 ) = p h (t)} to G<® defines an action of T to G<°> 
with the momentum map p^. 

Proof. Let ( 7l , 72 ) E r< 2 > and ( 7l) x) E {( 7 ,t) E T x G (0) : d( 7 ) = p h (t)}. 
Using the computation in the preceding remark, we obtain 

(7172) ■h x = r ((7172) -h x)=r (((7172) -h r (x)) x) 

= r (((7172) -h r (a;))) = r (71 - h (72 - h r (x))) 
= 7i -h a (72 -h r ( a; )) • 

■ 

Notation 7 Lei T and G be two groupoids and let h be an algebraic morphism 
from r to G ( in the sense of def. 0). Let us denote 

Gx h T = {(x n )eGxT:p h (r(x))=r(-f)} 

G^X^T = {(t,7)eG<°> xT;p h (t)=r( 1 )} 

G x } x r , respectively G^ x ; i0 T , can be viewed as groupoid under the operations 
{xilV 1 = (7 _1 -h x, 7 ~ l ) 
(^,7l) (7i _1 ^ ^72) =(2,7172) 

respectively, 

(*,7)" 1 = (7- 1 -. t,7- 1 ) 

(*,7i) (7f 1 -ho ^72) = (*,7i72)- 
(where 7 -ft t := r ( 7 i) as m preceding lemma). 

If r and G are IcH-groupoids, then G x ^ T and G' - 1 x ^ Q T are IcH-groupoids. 
If A = {A",m e r' '} is a Haar system on V and if the morphism h is continuous, 
then {e x x \Pk( r ( x )) t x E G} is a Haar system on G Xh T (where e x is the unit 
point mass at x) and (et x X Ph ^ , t E G' - 1 } is a Haar system on G^ X/ l0 T. 
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Definition 8 Let T andG be two a-compact, IcH-groupoids. Let X — {\ u ,u E T^ ^} 
(respectively, v — \y l ,t S G^}) be a Haar system on V (respectively, on G). 
By a morphism h : (T, A) — > (G, v) we mean a continuous morphism from T 
to G (in the sense of rfe/ Pj) which satisfies in addition the following condition: 

(6) There exists a continuous positive function Ah on 

Gx h T= {(x, 7) G G x T : p h (r (x)) = r (7)} 

such that 

0(7^ - h x, 7" 1 )A^(7" 1 -h x, 7 - 1 )dA^« 9! » (7) dv t (x) 




g{ 1 ,x)dX Ph{r(x)) (7) dv t {x) 



for all t G G*- ) cmd all Borel nonnegative functions g on G XI /, I\ 

Remark 9 T/ie condition\$in the preceding definition means that each measure 
v t is quasi-invariant with respect to the Haar system {e x x X Ph ^ r ^\x G G} on 

Gx^r. 

Example 10 Let V be a a-compact, IcH-groupoid, endowed with a Haar system 
A = {A", u G r' )}. Let us define a morphism I : (T, A) — > (T, A) by pi = id r (o) 
and 7 7 x = jx (multiplication on T). It is easy to check that the conditions in 
the Definition^ are satisfied with A; = 1. 

Lemma 11 Let h : (T, A) — > (G, v) be a morphism of a-compact, IcH-groupoids 
with Haar systems. Then the function Ah that appears in the condition^ of the 
Definition^ satisfies Ah (x, 7) = Ah (r (x) , 7) for all (x, 7) G G x/jT. 

Proof. Let / > be a Borel function on G Mfe T. For each t G G^ and 
each xo G G*, we have 

J f(x, 1 )dX ph ^( 1 ) dv t {x) 

= J f{l- 1 - h xx^\^ 1 )A h { 1 - 1 . h x, 1 - 1 )d\P^^{ 1 )du d{xo) {x) 

= J f ((l- 1 -h r (x)) xXq 1 ^- 1 ) A h ((7- 1 -h r (x)) x, 7- 1 ) dX"^)) ( 7 ) dVd(xo) ( x ) 

= / / (( 7 " X -h r (x)) x, 7- 1 ) A h ((7" 1 -h r (x)) xx , 7- 1 ) dX^ x » (7) du t (x) 

= J } -h x, 7" 1 ) A,, (7- 1 - h xx , j- 1 ) dA""W"» (7) dut (x) 

= J f(x, 7) A h (xx , 7) A ft (7- 1 - h x, 7- 1 ) dXP^W (7) <fc/ t (x) 
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Thus for all t G G (0) and x G G'and almost all (x, 7) G G x h T, 

1 = A h (xx ,j) A h (7 _1 - h x,7 _1 ) 
= A h (xo:o,7) A,j (a;,7) _1 . 

Therefore A fe (ra , 7) = A h (x, 7) for J (7) dz^ (1) -a.a.(x, 7) G G x h T. 

Since A^ is a continuous function and J \Ph( r ( x )) ^) ^ ^) i s a measure of full 
support on 

{(x, 7 ) e G x h T : d(x) =t}, 

it follows that A^ (xxo, 7) = A/j (2, 7) for all (x, 7) G G x/jT with d(x) = r (xq). 
Particularly, for xq = x^ 1 , it follows that Ah (r (x) , 7) = Ah (x, 7). ■ 

We shall prove that for particular classes of groupoids we can choose a Haar 
system on G such that the condition [5] is satisfied. In order to do this we need 
some results on the structure of the Haar systems, as developed by J. Renault 
in Section 1 of an d a l so by A. Ramsay and M.E. Walter in Section 2 of 
In ^3] Jean Renault constructs a Borel Haar system for G'(the isotropy group 
bundle of a locally compact groupoid G which has a fundamental system of 
conditionally-compact neighborhoods of G^ ) . One way to do this is to choose 
a function Fq continuous with conditionally support which is nonncgative and 
equal to 1 at each t G G^ . Then for each t G G^ choose a left Haar measure 
(3\ on G\ so the integral of F with respect to (3j is 1. If the restriction of r to 
G'is open, then {Pi, t G G<°)} is a Haar system for G'(Lemma 1.3/p. 6 [Hj). 

Renault defines /?* = x/3 s s if x G G* (where x/3 s s (/)=// (xy) d/3 s s (y)). If z 
is another element in G', then x~ 1 z G G 8 S , and since /3f is a left Haar measure on 
G s s , it follows that /3* is independent of the choice of x. If if is a compact subset 
of G, then sup/3^ (K) < 00. Renault also defines a 1-cocycle 8c on G such that 

t,s 

for every t G G^ - 1 , <5|g* is the modular function for (3\. With this apparatus in 
place, Renault describes a decomposition of the Haar system {V * , t G G^ -* } for 
G over the equivalence relation R (the principal groupoid associated to G). He 
proves that there is a unique Borel Haar system v for R with the property that 

v* = J (3 q s dv l (q, s) for all t G G (0) . 

In Section 2 JI] A. Ramsay and M.E. Walter prove that 

supi>* ((r, d) (K)) < 00, for all compact K C G 
t 

For each t G G^ the measure v l is concentrated on {t} x [t]. Therefore there 
is a measure /3* concentrated on [t] such that z>* = e t x /?*, where e t is the unit 
point mass at t. Since G G^ -*} is a Haar system, we have /3* = /3 s for all 

(t, s) G i?, and the function 

t-> J /( s )/3* ( s ) 
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is Borel for all / > Borel on G^°\ If fi is a quasi-invariant measure for 
{v\te G(°>}, then /i is a quasi-invariant measure for {i>',i £ G^}. Also if 
^ju,i? is the modular function associated to £ G' - 1 } and //, then A M = 

(JgA^/j ° ( r , d) can serve as the modular function associated to \y l ,t £ G^ -*} 
and /x. For each i the measure /?' is quasi-invariant (Section 2 [TT]'). It is easy 
to see that As* R = 1, and consequently As* = <5g- Thus if G is a transitive 
groupoid /?* is a quasi-invariant measure of full support having a continuous 
modular function (As t = 6g)- More generally, let us assume that the associated 
principal groupoid R associated to G is proper. This means that R is a closed 
subset of G^ ) x G(°) endowed with product topology (or equivalently, G'°'/G 
is a Hausdorff space) and the map 

(r,d):G-JE, (r,d) (*) = (r (x) ,d(a;)) 

is an open map when R is endowed with the relative product topology coming 
from x G^-°\ If [i is a quasi-invariant Radon measure for the Haar system 
\v l , t £ G^ )}, then = J (t) is a Radon measure which is equivalent 
to /i (see Remark 6/p. 232 2 ). It is easy to prove that \i\ has a continuous 
modular function A Ml = 6g- 

We shall call the pair of the system of measures 

({^}(t,.)eK'{^} teG( o) /G ) 

(described above) i/ie decomposition of the Haar system {z^*,£ £ G^ -*} over 
i/ie principal groupoid associated to G. Also we shall call 5q the l-cocycle asso- 
ciated to the decomposition. 

Proposition 12 Let T andG be two a-compact, IcH-groupoids. Let A = {A™, u £ r' - 1 } 
(respectively, v = {y 1 ,t £ G' ^}^ 6e a Haar system on T (respectively, on G). 

LeiHjSj}^ s ^ eR , () ^ be the decomposition of the Haar system {v 1 ,t £ G^} 

over the principal groupoid associated to G. Let h be continuous morphism from 
r to G (in the sense of Definition^). If there is a continuous positive function 
A : G^ x ) l0 r — > R, such that A is the modular function of jy with respect to 
the Haar system {s t x \P^\t £ G^} on G^ x, iQ T for each i £ G< ' /G, then 
h : (r, A) — > (G, v) is a morphism in the sense of Definition^). 
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Let g:G r — * R be Borel nonnegative function. Then we have 

/ / (7- 1 -h x, j- 1 ) dW-<*» (7) dut (x) 

= I f(l~ l -/iX" 1 ,!" 1 )^"^)) (7) dv l (x) 

= J f (7 _1 -h x~\ 7- 1 ) d\P^ d ^ (7) d/3* (x) dp* (s) 

= / / (7- 1 - h x-\ 7- 1 ) d/9* (x) dA">« (7) d/3' {a) 

= jf (7- 1 x, 7- 1 ) s G (xy 1 dp; (x) dA^« (7) ( s ) 

= If ((7" 1 r (a;)) x,^ 1 ) S G (x)" 1 d/3| (xJdA^W (7) dp*' (a) 

= Jf{x, 7- 1 ) S G ((7- 1 -h s)- 1 x) ~* d(fy Khs) (x) dA^« (7) d~P l (a) 

= jf(x, 7- 1 ) ((7 -k r (7-J 1 *)) x)- 1 d^ 1 ' 1 '^ (x) d\r^ (7) d/3' («) 
= //(*, 7) S G ((7- 1 ■/. s) *) 1 dp s t (x) A (r (7- 1 -h s) , 7" 1 ) d\P^ (7) d/3' (s) 
= / / (a;" 1 , 7) G ((7- 1 -h s))' 1 dpi (x) A (r (7- 1 - fc s) , 7^) dA'*« (7) d/3' (a) 
= / / (or 1 , 7) So ((7- 1 -h d (x))) 1 A (r (7- 1 - fc d (*)) , 7" 1 ) dA^( s > (7) dv* (x) 
= Jf(x, 7) S G ((7- 1 - fc r (a;))) 1 A (r (7- 1 - A r (*)) , 7- 1 ) dA^W (7) dv t (x) . 

The condition [8] in the Definition is satisfied taking 

&h (x, 7) = S G (7^ - h r (x)) A (r (a;) , 7) . 



Corollary 13 LetT andG be two a-compact, \cH-groupoids. Let X = {\ u ,u G 1^°)} 
be a Haar system on T. Let h be continuous morphism from T to G (in the sense 
of Definitional. If G is transitive and there is a quasi-invariant measure with 
respect to the Haar system {et x X Ph ^\t G G^} on G^ x; lQ F having the sup- 
port G^ and continuous modular function, then we can choose a Haar system 
v on G such that h : (T, A) — > (G, v) is a morphism in the sense of Definition 
0). 

Proof. Let P be a quasi-invariant measure with respect to the Haar system 
{e f x \ Ph ^\t G G (0) } on G (0) x fto V having supp(/3) = G (0) and continuous 
modular function. Then 

|| pidp(a),t€G^\ 

is Haar system on G satisfying the hypothesis of Proposition ■ 

Remark 14 If the associated principal groupoid of G^ xi/j T is proper, then 
there is a quasi-invariant measure with respect to the Haar system {et x \ Ph w , t € G^ } , 
having the support G^ and continuous modular function. The associated prin- 
cipal groupoid of G*- -* X/ l0 T is proper if and only if the set 

Rr,GW = {(i,r( 7 - 1 <)) : t e G (0) ,7 G T, r (7) = p h (i)} 
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is a closed in G^ x G^ (endowed with the product topology) and the map 

(t, 7 ) -» (t,r(7 _1 t)) 

is an open map from G^ Xh a T to R r G (o), when i? r G (o) is endowed with the 
relative product topology coming from G>(°) x G<-°\ 

2.2 Composition of morphisms 

Definition 15 Let h : (T, A) — > {Gx,v) and k : (Gi,A) — > (G 2 ,77) be two 
morphism of locally compact groupoids endowed with Haar systems. Let kh : 
(F, A) — > (G 2 ,??) be defined by 

1. m :Gf -r(°) 

pkh (xz) = (pfc (x 2 )) /or a// i 2 eG 2 . 

2. (7, x 2 ) -» 7 -kh x 2 ■■= (7 'ft Pk (r (X2))) -fe 2:2 /ram T G 2 to G 2 , w/iere 

r * fe h G 2 = {(7, x 2 )eTxG 2 :d (7) - Pkh (r (x 2 ))} 

Remark 16 Let h : (r, A) — > (Gx,iS) and k : (Gi,A) — > (G 2 ,n) be two mor- 
phism of locally compact groupoids endowed with Haar systems. Let kh : (I\ A) — > (G 2 , 77) 
be as in Definition \15\ Then for all 7 G T, all x\ £ G\ with ph (r (x\)) = d (7) 
and all x 2 S G 2 with pk (r (x 2 )) = d{x\), we have 

7 -kh [xi -k x 2 ) = (7 - h Pk (r [xi - k x 2 ))) - k (xi - k x 2 ) = (7 - h r (xi)xi) - k x 2 

= (7 -h xi) - k x 2 

Lemma 17 Let (r, A), (Gi,v) and (G 2 ,rj) be a-compact, IcH- groupoids. If 
h : (r, A) — > (Gi,v) and k : (Gi,A) — > (G 2 ,rj) are morphisms, then kh : 
(r, A) — > (G 2 ,r/) is a morphism. 

Proof. Let us check the conditions 3, 5 and 6 in the def. |H1 For all 

(71, 72) S T (2) and all x 2 6 G 2 with (72,0;) <E V * k h G 2 , we have 

(7172) -kh x 2 = ((7172) -h Pk (r (x 2 ))) - k x 2 

= (71 -h r (72 -h Pk (r (x 2 )))) (72 - h Pk (r {x 2 ))) - k x 2 

= ((71 -h r (72 - h Pk (r (x 2 ))))) -k ((72 -h Pk (r (x 2 ))) - k x 2 ) 

= ((7i -h r (72 -h Pk (r (x 2 ))))) -k (72 'kh x 2 ) 

= ((71 'h Pk (r (72 -h Pk (r (x 2 ))))) -k x) - k (72 'kh x 2 ) 

= 7i 'kh (72 -kh x 2 ) . 
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For all (7,2:2) G T*kh G 2 and (0:2,2/2) G G 2 2 \ we have 
(7 -kh X2) y 2 = ((7 -h pk (r (x 2 ))) -k x 2 ) -k 2/2 
= (7 -h Pk {r (x 2 ))) - k {x 2 y 2 ) = (7 - h Pk (r (x 2 y 2 ))) - k (x 2 y 2 ) 
= 7 -kh (x 2 y 2 ) 

Let P : G\ — ► R be a continuous function with conditionally compact sup- 
port such that 

J P (xi) di/* (xi) = 1, for all t G G[ 0) 

If / : r *kh G 2 — > R is a Borel nonnegative function, then 

j* J* / (7- 1 -kh x 2 , 7" 1 ) dA"**( r ^)) (7) d Vs (x 2 ) 

= / / / / -fcfc a*, 7" 1 ) d\>»>»<r(")) (7) P (xi) cW(^)) (xO (x 2 ) . 
The following sequence of changes of variables 

1. (x2,xi) — ► (x^ 1 -k X2,xi) (using the quasi-invariance of r] s )2. x\ — ► x^ 1 

3. (xi,7) — > (7 _1 ^ xi,xi) (using the quasi-invariance of v Ph ( r (x 2 ))) 

4. xi — ► x^ 1 

5. (x 2 , Xi) — ► (x^ 1 x 2 , Xi) (using the quasi-invariance of r] s ) 
transforms the preceding integral into 

/ (X 2 , 7) g (X 2 , X 1;7 ) P (7- 1 -ft X!) d^*(K»2)) dA P„(r(x 2 )) (7) ^ (a . a) 

where 

(£2,2:1,7) = A fe (xf 1 - fc x 2 , (7^ - h xi) A ft (xi,7) _1 A fc (x 2 ,xi) _1 

= (A fe (x 2 ,xi) A fe (xj' 1 - fc x 2 , (7 _1 -h x-l) A /l (xi,7)~ 1 

= A fc (x 2 , (7- 1 Vl r(xi)) ^ A fe (xi,7) _1 . 

Let us note that for all (xi, 7) G C?i xifjT, and all x 2 G G 2 with pk (r (x 2 )) = 
r (xi), Afe (x 2 , (7 _1 -ft r (xi))) A^ (xi,7) does not depend on x\ but only on 
r (xi) = pfe (r (x 2 )), and also it does not depend on x 2 but only on r (x 2 ). For 
each (x 2 ,7) G G 2 Xfe T, let us denote 

Afcft (x 2 , 7) = A fe (x 2 , (7^ -h r (xi)) ^ A h (xi, 7) . 

Consequently, 
j* I f (j' 1 -kh x 2 , 7" 1 ) d\P^ x ^ (7) dr/ s (x 2 ) 

= // J7(x 2 , 7 )A fe/l (x 2 ,7)- 1 P(7- 1 . ft x 1 )d^W^))(x 1 )dA^W a;2 ))(7) dr/ s (x 2 ) 
= / / / / (X2, 7) A fe ft (x 2 , 7)- 1 P (xx) di/K-r- 1 -^^))) dA m(r(* a )) (7) ^ (X2) 
= JJJf(x2,l) A fc ft (x 2 , 7)"* dA"*"^^)) (7) dr? s (x 2 ) 
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Therefore the condition [8] in def. (SJis satished if we take 



Afe/j {x 2 ,j) = A fc (x 2 , (7 1 ■/> r A /t (0:1,7) . (^2,7) e G 2 x fc/l r. 



Remark 18 If h : (T, A) — > (Gi,z/) and k : (G U X) 
phisms, then it is easy to see that 



(£?2,f7) are mor- 



Afeh (a; 2 ,7) = A fe (7 1 - fc / 1 x 2 ,7 1 -h xi 



for any (22,7) £ G2 Xfc/iT and any xi € QP k ^ r ( X2 >\ 

Proposition 19 The class of a -compact, IcH-groupoids with the morphisms in 
the sense of def. \$form a category. 

Proof. A straightforward computation shows that the composition of mor- 
phisms (in the sense of def. 115(1 is associative. For each groupoid T let lr be the 
morphism defined in Example 1101 If h : T — > G and k : G — > T are morphisms 
in the sense of Definition 03 then hlr = h and Irk = k. ■ 

2.2.1 Examples of morphisms 

In this subsection we study what becomes a morphism h : (r, A) — > (G, v) for 
a particular groupoid G. We shall consider the following cases: 

1. Groups. A group G is a groupoid with — G x G and G' ' = {e} (the 
unit element). 

2. Sets. A set X is a groupoid letting 



and defining the operations by xx = x, and x 1 = x. 

Sets and groups are particular cases of group bundles (this means groupoids 
for which r (x) = d (x) for all x). 

3. Equivalence relations. Let £ C X x X be (the graph of) an equivalence 
relation on the set X. Let £^ = {({x\,y\) , (£2,1/2)) ^ £ x £ '■ Hi = ^2}- 
With product (x,y) (y,z) — (x,z) and (x,y) 1 = (y,x), £ is a principal 
groupoid. £(°) may be identified with X. Two extreme cases deserve to 
be single out. If £ = X x X, then £ is called the trivial groupoid on X, 
while if £ = diag (X), then £ is called the co-trivial groupoid on X (and 
may be identified with the groupoid in example 2). 

If G is any groupoid, then 



X {2) = diag (X) = {(x, x) ,x e G} 



R = {{r(x),d(x)), xeG} 



14 



is an equivalence relation on G^ . The groupoid denned by this equiva- 
lence relation is called the principal groupoid associated with G. 

Any locally compact principal groupoid can be viewed as an equivalence 
relation on a locally compact space X having its graph £ C X x X endowed 
with a locally compact topology compatible with the groupoid structure. 
This topology can be finer than the product topology induced from X x X. 
We shall endow the principal groupoid associated with a groupoid G with 
the quotient topology induced from G by the map 

(r,d):G-J2, (r,d) (as) = (r (x) , d (x)) 

This topology consists of the sets whose inverse images by (r, d) in G are 
open. 

Let r and G be two er-compact, /c-ff-groupoids, endowed with the Haar sys- 
tems A = {A",ue r(°)}, respectively, v = {v l ,t g G (0) }. Let ^{$} (M)Efl , {/?*}. 

be the decomposition of the Haar system {z/*, t £ G^ ) } over the principal groupoid 
associated to G and let Sq be its associated 1-cocycle. 

Let h : (T, A) — 1> (G, v) be a morphism in the sense of Def. |H| Let us show 
that if G is a group bundle , then T| pj {q{.o)\ is also a group bundle and the 
condition [S] in the Def. [HI is automatically satisfied. Indeed, let 7 g r| / G(0 )\. 
Then there is t g G (0) such that d (7) = p h (t). We 

r (7) = Ph (r (7 -h *)) = Ph {d (7 - h t)) = p h (t) = d (7) . 

Therefore L| pj ^ G ( )^ is a group bundle. Let us prove that the condition [S] in the 

def. |21 is automatically satisfied if G is a group bundle. If the restriction of r to 
G'is open, then {/3 t 4 , t g G (0) } is a Haar system for G' (Lemma 1.3/p. 6 (11)1. 
In our case G is a group bundle, consequently, G = G' . If v = {i/',t6 G (0) } 
is a Haar system on G, then for each £ g G'°), i/' is a (left) Haar measure on 
the locally compact group G\. By the uniqueness of the Haar measure on Gf, 
it follows that there is P (t) g R^j_, such that v l — P (t) (3\. Thus the restriction 
of 8q to G\ is the modular function for v l . Reasoning in the same way, for 
each u & ph (G^ ^), A" is a (left) Haar measure on the locally compact group 
r^, and the restriction of Sr to is the modular function for A". For each 
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/ 6 G c (G xi h T) and t £ G, we have 

/ J7 (7- 1 ■/, x, 7^) dA"»^» (7) &/ t (x) 
= fff( 1 -i. h x )7 - 1 )d\f*W (i)dut(x) 
= 11 f -h x, 7- 1 ) <5 G (a)" 1 */* (x) dA^W (7) 

= JJf(x, 7- 1 ) <5 G ((7- 1 •* t) _1 a) ~* di/* (s) dA'*<*> (7) 
= !ff& 7- 1 ) <Jg (7- 1 ■* t) *g df* (x) d\ phW (7) 
= JJf(x,i) S G (7 t) <5r (7" 1 ) S G (xy 1 dv* (x) dA<">« ( 7 ) 
= // / 5 G (7 - h t) Sr (7- 1 ) dA" fc W (7) (s) ■ 

Hence taking A/, (a;, 7) = <5r (7) #g (7 'h r (a;)) _1 the condition in the Def- 
inition [5] is satisfied. Let us note that if G is a group bundle, then each 
morphism h : (17 A) — > (G», for which p h : G^ -> is a homeomor- 
phism, can be viewed as a continuous homomorphism ip from r to G for which 
the restriction ip\ rW = tp(°) : -> G^ is a homeomorphism. Indeed if 
<p : r — > G is a groupoid homomorphism (this means that if (71, 72) then 
(if ( 7l ) , ( 72 )) S G^ and ^ ( 7l72 ) = ip (71) y> ( 72 )) and if : r<°) -> G^ is 

a homeomorphism, then taking = (<^ ^) : G^ — > T^ -', and defining 

7 -ft X = ip (7) X 

we obtain a morphism in the sense of Definition|Hl Conversely, if /i : (r, A) — > {G,v) 
a morphism in the sense of Definitional for which p h : G (0) -> T {0) is a homeo- 
morphism, then let us define ip : T — > G by 

<p(t) = 7 'ft P^ 1 (<Z(7)) , 7 e r. 

If (71,72) er< 2 ), then 

d fe> (71)) - d (71 -h Ph 1 (d (71))) = P,; 1 (d (7i)) - P,; 1 (r (72)) - P,; 1 (d (72)) 
= d (72 ■/> 1 (d (72))) = d (<p (72)) = r (72)) . 
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Consequently, (ip (71) , <p (72)) G and 



^(7172) = (7172) -h Ph 1 (d (72)) 

= 71 ^ (72 -h P^ 1 (^(72))) 
= 7i -a r (72 •/> P^ 1 (d (72))) (72 •/> P^ 1 (d (72))) 
= 71 -h d (72 -h P^ 1 [d (72))) (72 -h Ph 1 ( d (72))) 
= (71 -h Ph 1 (d (72))) (72 -h Ph 1 ( d (72))) 
= (71 -hPh 1 (d{ji))) (72 -hPh 1 (^(72))) 
= (7i) <P (72) ■ 

The restriction of <p to L^ ) is a homeomorphism, because it coincides with 
Ph 1 - 

Therefore if T and G are locally compact groups, then the notion of 
morphism (cf. Definition[SJ) reduces to the usual notion of group homomorphism. 

If G is a set (see example 2 at beginning of the subsection) and if h : 
(r, A) — > (G, v) is a morphism, then 

7 >h x = d (7 - h x) = d (x) = x 

for each (7, x) with d(j) = ph{r{x)) — ph{x). In this case a morphism is 
uniquely determined by the map ph : G — * . 

Let us now assume that G C X x X is an equivalence relation, where X is 
locally compact, er-compact, Hausdorff space. Let us endow G with the relative 
product topology from X x X. Let us also assume that there is a Haar system 
on G, v = € G(°)}, and let L be another groupoid endowed with the 

Haar systems A = {X u ,u S r^ )}. Any morphism in the sense of Definition |H1 
h : (r, A) — > (G, v), defines a continuous action of T on X, by 

7 • x = r (7 - h (x,x)) . 

Conversely, let us consider an action of T on X with the momentum map p : 
X->r(°), satisfying 7 • aTa;. Then taking ph = p, and 

7 -ft = (7 • x,y) 

we obtain an continuous morphism (in the sense of Definition |2J . The condition 
|H1 is not necessarily satisfied. In order to see that it is enough to consider 
L = G = X x X (the trivial groupoid on X endowed with the product topology). 
Any Haar system on X x X is of the form {e x x p,, x G X}, where /1 is a measure 
of full support on X, and e x is the unit point mass at x. If {e x x /ii, 2; G X} 
is a Haar system on L — X x A, and {e x x p, 2 , x G A} is a Haar system on 
G = A x A, then the condition [S] in the Definition [S] is satisfied if and only 
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if /ii and P2 are equivalent measure (have the same null sets) and the Radon 
Nikodym derivative is a continuous function. 

Let G — X x X (the trivial groupoid on X endowed with the product topol- 
ogy), let v = {e x x fx, x e X} be a Haar system on G. Then any continuous 
morphism h gives rise to a continuous action of T on J. Conversely, any con- 
tinuous action of T on X gives rise to a continuous morphism h from V to 
G. In the hypothesis of Corollary ^3 we can choose the measure p such that 
h : (r, A) — 1> (G, v) becomes a morphism in the sense of Definition [S] 

Let us assume that the associated principal groupoid of T is proper. This 
means that it is a closed subset of x endowed with product topology 
(or equivalcntly, r^ ^ /V is a Hausdorff space) and the map 

(r,d):T^R, (r,d) (x) = (r(x),d{x)) 

is an open map when R is endowed with the relative product topology coming 
from r(°) x r(°) . Let p be a quasi-invariant measure for the Haar system A = 
{ A n , u £ L^ ) } on r. It can be shown that there is a quasi-invariant measure po 
equivalent to p such that the modular function of po is a continuous function Sy ■ 
Let So be the support of po- Let us take X = So and let us consider the action 
L on So defined by p : So — > T^ ' , p (u) = u for all u S So, and 7 • d (7) — r (7) 
for all 7 € r|s . It is easy to see that po is a quasi-invariant measure for the 
Haar system {e u x A", u E So} on So x T, and its modular function is 8r- Thus 
we can define a morphism /i : (r, A) — > (So x So, v) in the sense of Definition 
|H1 (where v = {e u x p , u <E S }) by 

1. p h : So -» r(°),p (u) = it for all u e S . 

2. 7 - ft (u,w) = (r(7),w) 

3 Morphisms on a groupoid T and the convolu- 
tion algebra C c (T) 

Let (T, A) and (G, v) be two a-compact, ZciJ-groupoids with Haar systems. 

We associate to each morphism h : (T, A) — > (G, v) an application h defined 
on C c (r) in the following way. For any / G G c (T) , 

A (/) : G c (G) -» G c (G) . 

is defined by 

h if) (0 (x) = y / (7) C (7^ -h x) A h (x, 7 r 1/2 dX"'^ (7) 

Using a standard argument (0 2.2, ^2] H.l) we can prove that h(f)(£) £ 
C c (G) for any (eC c (G). That is, since G x^F is a closed subset of the normal 
space G x F, the function 

(x, 7) -> ^ (7 -1 •/, ac) Ah (1, 7r 1/2 j 
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may be extended to a bounded continuous function F on G x T. A compactness 
argument shows that for each e > and each xo G G 

{x G G : \F(x,j) - F(x ,7)| < £ for all 7 G supp(f)} 

is an open subset of G which contains Xq. Therefore the function 

x —> F x [: G —* C c (G)] 

where F x (y) = f (7) F (x, 7), is continuous. Consequently, 

g x r<°> - « 



(z.u)- J f( 1 )F(x ll )d\ u ( 1 ) 
is a continuous function, and so is the function 

f( 1 )F(x, 1 )d\^ r ^( 1 ) [:G-C] 
(being its composition with x — > (x,ph (r (#)))• 

Lemma 20 Let ft, : (r, A) — > (G, 1/) 6e a morphism ofa-compact, IcH-groupoids 
with Haar systems and let h be the application defined above . Then 

{M/)£:/eG c (r),£eG c (G)} 

is dense in C c (G) with the inductive limit topology. 

Proof. We shall use a similar argument as Jean Renault used in proof of 
prop. II. 1 .9/p. 56 ^21 • Since r(°) is a paracompact space, it follows that there 
is a fundamental system of d-relatively compact neighborhood {U a } a of T^-°\ 
Let Uo be a d-relatively compact neighborhood of r' ' such that U a C Uq for 
all a. Let {K a } a be a net of compact subsets of r^ ^ increasing to T^ ). Let 
e a G G c (r) be a nonnegative function such that 

supp(e a ) C U a 
e a (7) d\ u (7) = 1 for all u G K a . 

We claim that for any £ G C c (G), (h (e Q ) £ j converges to £ in the inductive 
limit topology. Let £ G G c (G) and £ > 0. Let K be the support of £. Then 

U - h K = {7 x : 7 G t/o) x G if, r (7) = (r (1))} 

= (U n (T 1 {p h (r (K))}) - h K 

is a compact subset of G. A compactness argument shows that 

W e = {7 G r : |e (7- 1 - h 1) - £ < £ for all xeU - h K, p h (r (x)) = r (7)} 
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is an open subset of T which contains r( ). If 7 G W £ PI Uo, then 

|£ (7 _1 -h a;) — ^ (a;) I < £ for all x satisfying ph (r (x)) = r (7) 

(because if x ^ Uq -h K, then x and 7 _1 x ^ K = supp(^), and hence 
£ (7 -1 'h x) — £ (a;) = 0). Since A/, is a continuous function and a homomor- 
phism from G x h T to , it follows that there exist an open neighborhood L e 
of r(°) such that 

A- 1/2 (x, 7 )-l <e 
for all (3;, 7) G (if x L e ) n G X/, I\ Then for any a such that U a C W e n L e 
and Ph (r (Uo -h K)) C if a , supp {h(e a ) is contained in J7o -ft if- For all 
x e Uo -h K we have 

/i(e a K (*)-£(*) 



1 e Q (7) £ (7 _1 x) A h (x, j)- 1/2 - e a (7) £ (x) dA" 



(7) 



< y e Q ( 7 )|e(7" 1 ^) A ft (x, 7 )- 1/2 ciA^^)(7) + 



Thus 



+ !£(*)! / e a ( 7 ) 
< 2e + sup|£(x)|e. 



a; 



-1/2, 



(x, 7 )-l dA pfc(r(x)) (7) 



converges to in the inductive limit topology. ■ 

Proposition 21 Let h : (r, A) — > (Gi, v) and k : (Gi, A) — > (G2, rf) be mor- 
phisms of a -compact IcH-groupoids with Haar systems. Then 

k(h{f)^)^ = kh{f) (k 

for all f G C c (T), & G G c (Gi) and 6 G C c (G 2 ). 

Proof. Let / G C c (T), £1 G G c (Gi) and £ 2 G C c (G 2 ). For all (ar 2 , ari, 7) G 
G2 x Gi x T, such that (0:1,7) G Gi X/jT and (x2,x\) G G 2 x^Gi let us denote 

F (x 2 ,xi,7) = 6 (7" 1 'ft a;i) 6 (a^r 1 'fe a; 2 ) 

3(3:2,3:1,7) = A ft (xi,7)~ 1/2 A fc (x 2 ,a;i) _1/2 . 

Then we have 

fc(^(/)a)6 (x 2 ) 

= I If (l)F(x2,xu7)g (x 2 ,x u 7) A""^ 1 )) (7) di/"*^)) (si) 

= / / f(l)F(x 2 , 3:1,7) 3 (ar 2 ,a:i, 7) di/'W*')) (*i) dA'*"*^)) (7) 

= / J7 (7) *i (a: 2 , a:i, 7) ffi (* 2 , an, 7) di/Or 1 """^))) dXPkh (r( X2 )) ^ ^ 
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where 

Fi(x2,Xi,j) = F (x 2 , (7" 1 -h Pk [r {x 2 ))) 1 2:1,7) 

= f((7 _1 -fcPfc (r(a; 2 ))) ^1) -t ^ 

= £1 (#1) 6 (a^r 1 (7 _1 ■/» Pfe (r (^2))) -fc 2:2) 
= 61 (a^r 1 'fc (7~* "feh ^2)) 

and 

£1(2:2, £1,7) = 9 , ( a :2,(7~ 1 '/.PliH^))) 1 2:1,7) 

= A h ^7" 1 - fe pj : (r (i 2 ))) 1 ^1,7) ^fc (^2, (7~ 1 -h Pk (r(x 2 ))) 1 Xij 



-1/2 



= A h (p k (r (af 2 )) , 7) 1/2 A fe ^2,(7 '-iptHx^)) *a;i) 
= A t (r (i 2 )) , 7) _1/2 A t (t _1 'ft Pi (^2))) 1 ) A k (j- 1 - kh x 2l xx) 
= A kh (x 2 ,jy 1/2 A fe (x 2 , (7 -1 - h p k (r (x 2 ))) 1 ) A k (j -1 - kh x 2 , Xi) 1/2 
Consequently, 

k (h (f) £1) 6 (a*) - & (/) (fc (Ci) 6) (a*) , for all x 2 e G 2 . 

■ 

For any locally compact, second countable, Hausdorff groupoid G endowed 
with a Haar system v = {v\t & GfC°>}, G c (G) is an algebra under convolution 
of function. For /, g G G c (G) the convolution is defined by: 

f*9{x)= J f(y)g(y' 1 x) dv r ^ (y) 
and the involution by 

f*(x)=T&=t). 

Moreover, under these operations, C c (G) becomes a topological ^-algebra. Let 
us note that the involutive algebraic structure on C c (G) defined above depends 
on the Haar system v = G^ * 1 }. When it will be necessary to emphasis 

the role of v in this structure, we shall write C c (G, v). 
It is easy to see that for any /, g £ C c (G, v) 

f*g = t(f)g, 

where I : (G, v) — > (G, v) is the morphism defined in Example 1 101: pi = id,Q(o) 
and x y = xy (multiplication on G). 
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For each / e C c (G), let us denote by \\f\\j the maximum of sup / \f (x)\ dv l (x) 

t 

and sup J \f (x)\di't (x). A straightforward computation shows that || - 1| ^ is a 
t 

norm on C c (G) and 

11/11/ = 11/1/ 
II/*S||/ < 11/11/11511/ 

for all/, geC c (G). 

Proposition 22 Let h : (T, A) — > (G, v) be a morphism of cr-compact IcH- 
groupoids with Haar systems. Then 

£ 2 **(M/Ki) - (M/*K 2 )**£i 

for all f e C c (r) and & e C c (G, v). 

Proof. If / e C c (r) and ft, & G Cc (G), then 

e 2 **(M/)a) (*) = 

= / 6* (y) I f (7) 6 (7- 1 -h {y-'x)) A h ( y -i x , 7) ~ 1/2 dA^" 1 *)) ( 7 ) di/'W (y) 
= / &(ir T )//(7) 6 (7- 1 -h (y-'x)) A h ( 2/ - 1 , 7 )- 1/2 rfA""(Kf- 1 -)) ( 7 )d^) ( y ) 

= //»(7)6 (7" 1 (»a:)) A h (y, 7 )- 1/2 dA""^)) (^)du r{x) (y) 

The change of variable (y, 7) — > ( 7 ~ 1 y, 7 _1 ) transforms the preceding 
integral into 

= //6(7" 1 •/,!/)/ (7- 1 ) A, (y^)" 172 ^^^) (7)6 (2/z)<K(,) ^ 

= //6 (T- 1 -^- 1 )/ (7" 1 ) A fc (y- 1 ^)" 172 ^^)) (7)6 (y" 1 *) d^W (y) 

= / / 7* (7) I2 (7- 1 JT 1 ) A h (y-\ ~f)- 1/2 dXPMv)) ( 7 )£ (y-ix) (y) 

■ 

4 Representations associated to morphisms 

Proposition 23 Lef ft, : (T, A) — > (G, z/) 6e a morphism of a-compact, IcH- 
groupoids with Haar systems. For t G G^ and f E C c (T), let us define the 
operator tt m (/) : L 2 (G, v t ) — > L? (G, v t ) by 

* M (/) £ (*) = y / (7) i {I' 1 -h x) A h (x, 7 y 1/2 dX'^W (7) 



22 



for all £ G £ 2 (G, i/ t ) and x £ G. T/ien /or any / G C c (T) 

hh.t (/)ll< 11/11,, 

andTTh,t is a representation ofC c (T, X) (a *-homomorphism from C c (T, A) into 
B (L 2 (G, vtj), taat is continuous with respect to the inductive limit topology on 
C c (r) and the weak operator topology on B [l? (G, u t )) )■ 

Proof. If / e G c (r), e,(6l 2 (G, f t ), then 
\(*h,t (/K,C}| = 

= / / / (7) £ (I" 1 ^ *) A ft (x, 7 )- 1/2 dA"^*" (7) W)dvt (x) 
<II\f (7)1 k (7- 1 *) I IC (*)| A. (x, 7 )" 1/2 d\»»«*» (7) di/ t (x) 

< (i7 1/ (7)1 k (7- 1 *) I' A h (x^)" 1 dA^(*)) (7) dut (x)) V2 • 
•(//|/(7)IICW| 2 ^(^))(7)^ t (x)) 1/2 

= (//! / (7- 1 ) I (^)l 2 d\r^(*)) ( 7 ) ^ 1/2 . 

•(//I/(7)I^(^)) (7)|CW| 2 ^tW) 1/2 

<ll/llzliell 2 IICII 2 . 

Thus||7r M (/)|| < ll/Hjforany/ G G c (r). Let us prove that tt m : C C (T) -^>B(L 2 (G, ^)) 
is a *-homomorphism. Let / G C c (T), £, £ G £ 2 (G, ^). We have 

(ttm (/K,C} = 

= / / / (7) £ (7- 1 -h x) A h (x, 7 )- 1/2 d\>>^(*)) ( 7 ) ^)^ t (x) 
= / / / (7" 1 ) £ (*) aT^^jA, (x, 7 r 1/2 dA^^W) (7) di* (x) 



= 11 f* (7) C (7- 1 -fc x) A h (x, 7 )- 1/2 £ (x)dAMK*)) ( 7 ) <fc, t ( x ) 



Hence tt m (/)* = tt m (/*) for all / G C c (T). If /, g G G c (r) and £ G L 2 (G, ^), 
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we have 
*h,t if*g)£{x) = 

= / / * 5 (7) € (7- 1 -h x) A h (x, 7 )- 1/2 dW'C«» (7) 

= / / / (7i) 9 (7i" 1 7) dX^ ( 7l ) £ (7- 1 -h x) A h (x, 7)" 1/2 dA'*««0) ( 7 ) 

= J7 / (7i) 5 (7rS) £ (7- 1 -h x) A h (x, j)- 1/2 d\P*<rW MdXr^W (7) 

= // / (7i) 9 (7) £ ((717)^ -h x) A h (x, 7 i 7 r 1/2 d\*M (7) dV*<»-<*» (71) 

= SfMfg (7) £ (7- 1 ■/, frf 1 ■* *)) A, (7^ -h x, 7 )" 1/2 dA"(^) (7) • 

■Ah {x,^)- 1 ' 2 d\f>^{*)) (7i) 

= TTh.t (f) (TTh,t (5)0 («) , 

for all x G G. Thus 717^ (f * g) = w h ,t (/) 7r M (3) for all f,g <EC C (T). ■ 

Remark 24 TTie representation n^.t ■ C c (T) — > B (L 2 (G, defined in the 
preceding proposition is non-degenerate in the sense that 

K,t (/)£: / G G c (r) , £ G £ 2 (G, !/*)} 

is dense m L 2 (G, z/ t ). For any / G G c (r) and £ G G c (G), tt m (/)£ = n(/)£, 
where h is the application introduced in Section^ Indeed, by Lemma Wb\ 

N M (/K: /eG c (r),£eG c (G)} 

is dense in C c (G) with the inductive limit topology and a fortiori with the 
L 2 (G, v t ) topology. 

Proposition 25 Let h : (T, A) — > (G\,v) and k : (Gi, A) — > (G2, rj) be mor- 
phisms of a-compact IcH groupoids with Haar systems. Let h the application 
associated to h introduced in the Section^ and 7Tj, s (respectively, itkh,s) be the 
representation associated to k (respectively, kh) defined in Proposition^^ Then 

Kk,a (fl {f) M £ 2 = TTfcM (/) 7Tfc,s (£l) £ 2 

for all s G G 2 °\ / G G c (T), & G G c (d) and £ 2 G I- 2 (G 2 ,T] S ). 

Proof. It follows using the same computation as in the proof of Proposition 

E2 ■ 

5 A C*-algebra associated to a locally compact 
cr-compact groupoid 

In this section we define a G* -algebra associated to a locally compact cr-compact 
groupoid. The construction is similar to that made in Section 5 |15) . Like in |15| 
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we shall show that (T, A) — > C* (T, A) is a covariant functor from the category 
of locally compact, cr-compact, Hausdorff groupoids endowed with Haar systems 
to the category of C*-algebras. 

Definition 26 Let (r, A) be a a-compact, IcH-groupoid endowed with a Haar 
and let f G C C (T). For any morphism h : (r, A) — > (G, v) (where G is a 
a-compact, IcH-groupoid endowed with a Haar system) let us define 

||/|| h = 8up||7r hlt (/)|| 
t 

where wh,t is the representation associated to h and t defined in prop. \2c!l Let 
us also define 

11/11= sup ll/IU 
t 

where h runs over all morphism defined on (r, A). 

Remark 27 Clearly \\-\\ — sup||-|h defined above is a C* -semi-norm. Let I : 

h 

(r, A) — > (r, A) be the morphism defined in Examvle \lUi oi = id^o and 7 x = 
72; (multiplication on T). Then the representation associated to I and u € T^. 
ith.u ■ C c (r) — > B (L? (G, A„)), is defined by 

n, u (/) S (x) = J f (7) C (7^) d\ r & (7) = / * £ (x) 

by for all f G C c (V) and £ G L 2 (G, A„). Therefore for all f G C c (T) 

ll/ll* = ll/llre. , 

the reduced norm of f (def. 2.36/p. 50^, or def. 11.2.8. /p. 82 W$). According 
to prop. II.l.ll/p. 58 [121, {717. „} M is a faithful family of representations of 
C c (r, A), so || - || re( j is a norm. Hence ||-|| = suph IHI^ (where h runs over all 
morphism defined on (T, X)) is a norm on C c (T, A). 

Definition 28 Let (T, A) be a a-compact, IcH-groupoid endowed with Haar sys- 
tem. The C* -algebra C* (r, A) is defined to be the completion of C c (T, A) in the 
norm \\-\\ = suph ||-|L, where h runs over all morphism defined on (T, A). 

Remark 29 Let T be a locally compact, second countable, Hausdorff groupoid 
endowed with Haar system A = { A n , u G } . For f G C c (T, X), the full C*- 
norm is defined by 

||/|| /uH = S up||L(/)|| 

L 

where L is a non- degenerate representation of C c (T, A), i.e. a *-homomorphism 
from C c (r, A) into B(_ff), for some Hilbert space H, that is continuous with 
respect to the inductive limit topology on C c (T) and the weak operator topology 
on B (H), and is such that the linear span of 

{L(g)Z; geC c (r),^H} 
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is dense in H . We have the following inequalities 

H/IU < 11/11 < |]/|| JuH 

for all f G G C (T, A) 7 where \\-\\ = sup||-|L is the norm introduced in Defini- 

h 

tion \2b\ The full C* algebra C*^ ull (F, A) and the reduced C* algebra C* ed (T, A) are 
defined respectively as the completion of the algebra C' c (T, A) for the full norm 
W'W full' and the reduced norm \\-\\ red . According to Proposition 6.1. 8/p. 1^6 [/J?, if 
(r, A) is measurewise amenable (Definition 3.3.1/p. 82 fty). then C*j ull (T, A) — 
C* ed (T,X). Thus if (F, A) is measurewise amenable, then C* (T, A) (the C* - 
algebra introduced in Definition \28\) . C*^ ull (T, A) and C* ed (T, A) coincide. 

Notation 30 Let T be a locally compact, second countable, Hausdorff groupoid 
endowed with Haar system A = {A",ii6 r( )}. Let /i be a quasi-invariant mea- 
sure . Let A/j, be the modular function associated to {A n ,it £ r^ -*} and fi. Let 

_ i 

Ai be the measure induced by /i on T, and Xq — 2 Ai. 
For f € L 1 (G, Xq) let us define 

sup | / \f(7)j(d(j)k(r(j)))\d\ ( 7 ) 



\\J »II,U 

the supremum being taken over all j, k G L 2 (T^- \ fijwith J \j\ 2 dfi = J \k\ 2 d/j, = 
1. 

Let 

II (G, A, n) = {/ e L 1 (G, A ) , WfWjj^ < ^} . 
II (G, A, fi) is a Banach *-algebra under the , convolution 

f*9M = J /(7)5(7" 1 7i)^ 1 )( 7 ) 

and the involution 

C c (r, A) is a *-subalgebra of II (G, A, /i) for any quasi-invariant measure fj,. If 
fix and fi2 ar e two equivalent quasi-invariant measures, then \\f\\jj fll — ||/|| jj M2 
for all f. Let us denote 

11/11// = sup{||/||„4 

the supremum being taken over all quasi-invariant measure fj, on r(°), and let 
us note that it is enough to consider one quasi-invariant measure in each class. 
For any f € II (G, A, fj,), 

' f(l)k(d( 7 ))dX u ( 7 ) 
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is a bounded operator II„ (/) on L 2 (G (0 \ fi) and ||JJ^ (|/|)|| = \\f\\ IItfl . More- 
over, f — > 11^ (/) is a norm- decreasing * -representation 11^ of II (G, A, /i). The 
restriction of 11^ to C c (T, A) is a representation of C c (L, A) called the trivial 
representation on 

Every representation (/i,r'°) *TL, L) (see Definition 3.20/p.68 ''71) ofT can 
be integrated into a representation, still denoted by L, of II (G, A, /i). The rela- 
tion between the two representation is: 

(£(/)&, 6) = / Hi) (£(7)£i (d(7)).6(r(7))>Ao (7) 

where f G II {G, A, /i), ^1,^2 G J*G(°) ^ ( u ) ^A* Conversely, every non- 

degenerate ^-representation of any suitably large *-algebra of II (G, A, /1) fin 
particular, C C (T, X)) is equivalent to a representation obtained this fashion (see 
Section 3 Proposition II. 1.11 /p. 52)12)1. Proposition 4-2 )13f or Proposi- 
tion 3.23/p. 70, Theorem 3.29/p. 74 ffl). If L is the integrated form of a 
representation, {a, G^ *TL,L), of the groupoidG, then 

\{L{f)i, v )\<(ii,{\f\)lv) 

wherel{u) = ||£ (u)\\ . Therefore \\L {f)\\ < \\H»(\f\)\\ - 11/11^ < ||/||„. 
Iff G C C (I\A), then 

Ill/Ill^ = \\H, (1/1)11 <W(\f\)\\fuU< lll/lll/z • 
ThusiffeC c (r,\) andf>0, then \\f\\ n = \\f\\ ful[ . 

Proposition 31 LetT &e a locally compact, second countable, Hausdorff groupoid 
endowed with Haar system A = {A 11 , it G r' -*}. Le£ ||-|| be the norm on the C*- 
algebra introduced in Definition \2fA and \\-\\f u u the norm on the full C* algebra 
associated with T and A introduced by Renault in )12^ . Let us assume the princi- 
pal associated groupoid of T is a proper groupoid. Then for any quasi invariant 
measure \x on and any f G C c (F, A) 

WhU)\\< 11/11 , 

andiff>0, then ||/|| = ||/|| /tlU = ||//(/)||. 

Proof. For each / G C c (L, A) we have ||/|| < \\f\\ full . If / G C c (T, A) 

and / > 0, then \\f\\ full = \\f\\ n = sup { H/H/j^J, the supremum being taken 

over all quasi-invariant measure \x on T^ ' . Let /1 be a quasi-invariant measure. 
We have shown at the end of Subsection 12.2.11 that if the principal associated 
groupoid of r is a proper groupoid, then there is a quasi-invariant measure no 
equivalent to /j, such that the modular function of no is a continuous function 
Sr- Let So be the support of no- Let us consider the action T on So defined 
by p : So — > r^ ^, p(u) = u for all u G So, and 7-^(7) = r (7) for all 7 G 
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r|g < It is easy to see that //o is a quasi-invariant measure for the Haar system 
v = {s u x X u ,u £ So} on XI T, and its modular function is Sr- Thus we can 
define a morphism : (T, A) — > (So x So, v) in the sense of Definition [S] (where 
v = {e u x hq,u G S }) by 

1. p/j : So -» r(°),p (w) = u for all u € S . 

2. 7-^ (u,v) = (r(7),u) 

The representations 717^ itl associated to the morphism /i M : (r, A) — > (So x Sq,u) 
as in Proposition L'-il can be identified with the trivial representation 11^ of 
G c (r, A). Hence for any / 6 G c (r, A) 

11/11 > ||/||^ = ||I^(/)||. 

Therefore / G C c (T, A) and / > 0, then 

II/II/«h = WfWn = SU P ll/H// „ = SU P n (/)|| = sup ll/H > ll/H . 

IX 11 p. 



The following propositions are slightly modified version of props.5.2/p. 27 
and 5.3/p. 27 

Proposition 32 Let h : (T, A) — > (G, v) be a morphism of a-compact, IcH- 
groupoids with Haar systems and let h be the mapping defined in Section\^ Then 
h extends to * -homomorphism 

C* (h) : C* (r, A) -» M (C* (G, v)) , 

where M (G* {G,v)) is multiplier algebra of C* (G,i>), with the property that 
C* (h) (G* (r, A)) C* (G, v) is dense in C* (G, v). 

Proof. Let G\ be a locally compact, cr-compact, Hausdorff groupoid en- 
dowed with a Haar system r\ = \rf , s G G^ '| and let k : {G,v) — > (Gi,?y) be 
a morphism. Let {^k,s} s be the family of representations defined in Proposition 
1531 According to Proposition for all s G G^ 0) , / G G c (r), & G C c (G) and 

6ei 2 (Gi,%), 

7T/c, S (ft (/) £l) 6 = TTkh,s (/) 7Tfc, S (6) 6- 

Hence for all s G G { ° ] , f G G c (r) and $ G G c (G), 

(M/K)|| = IKfcfc,. (/)ll IK*,. (Oil < 11/11 

c*(G i/)) ^ e t ne norm on the G*-algebra 



Let 



lc*(r a) ( an d respectively, 
introduced in Definition 1281 Thus 



M/K 



C*(G,i/) 



< ll/ll C . ( r,A) IKIIcrc, 
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Since G c (G) is dense in C* (G,v), it follows that ft (/) extends to bounded 
linear map C* (ft) (/) on C* (G, v). By Proposition EH for all / 6 C c (T) and 

&,&e<7 (G,i/), 

= (ft (/*)&)**&. 

Using the density of C c (G) in C* (G, v) and the continuity of C* (ft) (/) we have 
Q*(C* (ft) (/)&) = (C* (ft) (/*)&)* *£i, 

for all Si, £2 G C* (G, v). Hence C* (ft) (/) admits a Hermitian adjoint C* (ft) (/*), and 
therefore G* (ft) (/) G M (G* (G, z/)). Since G c (r) is dense in G* (T, A), it fol- 
lows that G* (ft) extends to G* (r, A). 
By Lemma QUI 

/eC c (r),£eC c (G)} 

is dense in G c (G) with the inductive limit topology and a fortiori in G* (G, z^) . 
Therefore G* (ft) (G* (r, A)) G* (G, 1/) is dense in G* (G, 1/) . ■ 

Proposition 33 Let T, G\ and G2 be locally compact, cr-compact, Hausdorff 

groupoids. Let X — { A", u G T^ )} (respectively, v = i G G^j, 77 = {r? s ,s G G 2 °^ jj 

6e a Haar system on T (respectively, on G\, Gi)- Let h : (T, A) — > (Gi, v) and 
k : (Gi,A) — > (G2,T]) be morphisms. Then 

C* (kh) = C* (k) C* (ft) . 

Proof. Let us denote by G* (k) : M (G* (G u u)) —>M(C* (G 2 ,r?)) the 
unique extension of G* (k). In order to show that G* (fcft) = C* (fc) G* (ft), it 
is enough to prove that C* (kh) (/) = G* (fc) (G* (ft)) (/) for / G G c (r). As a 
consequence of Lemma I2UI 

{MSi)6:aeG c (Gi),6eG c (G 2 )} 

is dense in C* (G 2 ,r)). Thus for proving C* (kh) (/) = G* (k) C* (ft) (/) it is 
enough to prove 

*M/)(*fo)6) = £*(*)(£(/))*&) 6 

= k(h(f)Zi)& 
but this is true (see Proposition 12 ■ 

Remark 34 W^e ftave constructed a covariant functor (T, A) — > G* (r, A), ft — > 
G* (ft) /rom <fte category of locally compact, a-compact, Hausdorff groupoids 
endowed with Haar systems to the category of C* -algebras (in the sense of 
The hypothesis of a -compactness is not really necessary. Lt is enough to work 
with groupoids which are locally compact and normal, and for which the unit 
spaces have conditionally- compact neighborhoods (for instance, paracompact unit 
spaces). 



29 



Acknowledgements. M. Buncci was partly supported by the MEdC-ANCS 
grant ET65/2005 and by the Postdoctoral Training Program HPRN-CT-2002- 
0277. P. Stachura was supported by by Polish KBN grant 115/E-343/SPB/6.PR 
UE/DIE50/2005-2008. 

References 

[1] C. Anantharaman-Dclaroche, J. Renault, Amenable groupoids, Monogra- 
phic de L'Enseignement Mathematique No 36, Geneve, 2000. 

[2] M. Buneci, Isomorphic groupoid C*-algebras associated with different Haar 
systems, New York J. Math. 11 (2005), 225-245. 

[3] A. Connes, Sur la theorie noncommutative de I 'integration, Lecture Notes 
in Math. Springer- Verlag, Berlin 725 (1979) 19-143. 

[4] P. Hahn, Haar measure for measure groupoids, Trans. Amer. Math. Soc. 
242(1978)1-33. 

[5] P. Hahn, The regular representations of measure groupoids, Trans. Amer. 
Math. Soc. 242 (1978), 34-72. 

[6] N.P. Landsman, Operator algebras and Poisson manifolds associated to 
groupoids, Comm. Math. Phys. 222 (2001), 97-116. 

[7] P. Muhly, Coordinates in operator algebra, (Book in preparation). 

[8] P. Muhly, J. Renault and D. Williams, Equivalence and isomorphism for 
groupoid C*-algebras, J. Operator Theory 17(1987), 3-22. 

[9] A. Ramsay, Virtual groups and groups actions, Adv. in Math. 6(1971), 
253-322. 

[10] A. Ramsay, Topologies on measured groupoids, J. Funct. Anal. 47(1982), 
314-343. 

[11] A. Ramsay and M. E. Walter, Fourier- Stieltjes Algebras of locally compact 
groupoids, J. Funct. Anal. 148(1997), 314-367. 

[12] J. Renault, A groupoid approach to C* - algebras, Lecture Notes in Math. 
Springer- Verlag, 793, 1980. 

[13] J. Renault, i?epresentation des produits croises d'algebres de groupoides, 
J. Operator Theory, 18(1987), 67-97. 

[14] J. Renault, The ideal structure of groupoid crossed product algebras, J. Op- 
erator Theory, 25(1991), 3-36. 

[15] P. Stachura, Differential groupoids and C* -algebras, 

|arXiv:mathr QA /9905097 



30 



[16] M. Macho-Stadler and M. O'uchi, Correspondences and groupoids, Pro- 
ceedings of the IX Fall Workshop on Geometry and Physics, Publicaciones 
de la RSME, 3 (2000), 233-238. 

[17] J. Westman, Nontransitive groupoid algebras, Univ. of California at Irvine, 
1967. 

[18] S.L. Woronowicz, Pseudospaces, pseudogroups and Pontrjagin duality, 
Proc. of the International Conference on Math. Phys., Lausanne 1979, Lec- 
ture Notes in Math. 116. 

[19] S. Zakrzewski, Quantum and Classical pseudogroups I, Comm. Math. Phys. 
134 (1990), 347-370. 

[20] S. Zakrzewski, Quantum and Classical pseudogroups II, Comm. Math. 
Phys. 134 (1990), 371-395. 



Madalina Buneci 

Department of Automatics 

University Constantin Brancu§i of Targu-Jiu 

Bui. Republicii 1, 210152, Targu-Jiu, Romania 

e-mail: ada@utgjiu.ro 

Piotr Stachura 

Department of Mathematical Methods in Physics 
University of Warsaw 
ul. Hoza 74, 00-682, Warszawa, Poland 
e-mail: stachura@fuw.edu.pl 



31 



